Calculus 1 Unit 8 worksheet: u-substitution (answer key)

ANSWERS AT A GLANCE

1. _L _‘E _§ 3. i _1\5/2 l _1)3/2 1
(a) 2 7 5)° +C,onz > 3 andon z < 3 separately (2a) 1O(Zac 1)8 + 2(23: 1; + C, forz > 5 (b)
1 tan? z 72 _ O 5/2 4 0 3/2 _
M) gez +C (©) ar; x—i-C’,oneachintervalwhere 7(az+2) / 5($+2) / +3($+2) / +C forz > -2
cosz #0 (d)In|lnz|+ C,on (0, 1) and on (1, o) 4. @1 (b) 1_4
separately 5 9
2. 1 (9-a2)° 4 C 5 (a) 400 In 3, about 204 members  (b) M(T) = 1,500 +
4 T24+9
200 1n + () T = 3+e% — 1, about 7.6 weeks

WORKED SOLUTIONS

1. Find each indefinite integral by a substitution. Name « and du, and check each answer by differentiating.

8 4 z5
(a)/mdw (b)/:z:e dx
() / sec? z tan® z dz (d) / dz
rzlnz
ANSWER
2 5 5 1 s tan? z
(a) —m +C,onz > ~3 andonz < —3 separately  (b) ge +C (o) 1 + C, on each
interval where cosz # 0  (d) In|lnz| 4+ C, on (0, 1) and on (1, co) separately
SOLUTION
(a) Let u = 2z + 5, 50 du — 2dz and dz — ~ du. Then [ 8u~* - S du—4."— 4+ ¢ = 2 _ ¢
a) Letu = 2z + 9,s0du = T an m_zu. en U -2u— -_2—1— = (2w+5)2 y
5 8
h side of z = ——. Check: —2 . (—2)(2 b=
on each side of x 5 Chec (—2)(2z + 5) (2o + 577
5 4 4 1 1 1 b 1 5 4 4 5
(b) Let u = z°,s0 du = 5z* dx and z* dx = gdu.Theng e du = gew + C. Check: gew - bzt = ztev.
u? tan’ z )
(c) Let u = tan z, so du = sec? z dz. Then /u3 du = ” +C = 1 + C, on each interval where
4 3
cos z # 0. Check: tan’ sec? r = sec? z tan® .
dr du .
(d) Letu =Inz,sodu = —.Then | — =Inju| + C = In|lnz| + C. The integrand needs z > 0 and
T U
1 1 1
Inz # 0, so the answer holds on (0, 1) and on (1, co) separately. Check: — - — = .
Inzx =z zlnz

2. Find / 3z (9 — :1:2)5 dz. Check your answer by differentiating.

ANSWER

1 6
—= (9 — =2 C

o-a)+
SOLUTION

3 . .
Letu =9 — 22, so du = —2x dzx and 3z dz = =5 du. The minus sign belongs to the constant:
3 3 b 1
3z (9 —2%)°d :——/ Sdu=—=.— +C=—-ub+C.
/ 98 ( T ) T 2 u” au 26 I 4u +
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1
Back-substitute: = (9 — zc2)6 +C.

1
Check: by the chain rule the derivative is == 6(9— :v2)5 (—2z) =3z (9 — m2)5.

3. In each integral the natural choice of u leaves a stray factor of x. Solve the substitution for x, rewrite the whole
integrand in u, and find the integral.

(a) /(:B+ 1)vV2z — 1ldx
(b)/wzx/:zr+2da:

ANSWER

(a) %(2:1: —1)%2 4 %(2:1: — 1)?’/2 + C, for x > % (b) ;(m +2)7/2 — g(w + 2)5/2 + g(:zz + 2)3/2 + C, for
z>—2

SOLUTION

1 1 3
(a) Letu =2z — 1,sodu = 2dx, dx = Eduanda:: %.Thenm—{—l: %,and

3 1 1 1/2
/(w+1)v2m—1dm:/u;— u1/2-§du:Z/(u3/2+3u1/2>duzz(gu5/2+2u3/z>+C’.

1 1 1 1
So the integral is 5(293 —1)%2 + 5(21‘ —1)32 4+ Cforz > 3 Check: the derivative is 5(21’ —1)%2 +

g(h _ 1)1/2 = (2z — 1)1/2 (2”” L ok §) =(z+1)v2z —1.

2 2
(b) Let w = = + 2, so du = dx and = u — 2. The stray factor is 2* = (u — 2)? = u? — 4u + 4:

/a:z\/a:—i—2da::/(u5/2—4u3/2+4u1/2) du:§u7/2—§u5/2+§u3/2+0.

. . 2 8 8 e e
So the integral is ?(:z: +2)7/2 — g(:c +2)5/2 ¢ g(a: + 2)3/2 4 C for & > —2. Check: the derivative is (z +
2)°/2 — 4(z + 22 + 4@ + 212 = (@ +2)V*((z + 2) - 2) = 2>Vz + 2.

4. Evaluate each integral by a substitution, changing the limits of integration to u-values.

NG
(a) / T sin (acQ) dx
0
b) /e —Vl—;?’lm” da
1

ANSWER
14
@1 ®—
9
SOLUTION

1
(a) Letw = 22, so du = 2z dz and z dx = 3 du. The limits: z = 0 gives u = 0, and z = /7 gives u = 7:

™

Ve 1 (7. 1 1
zsin (%) de = = [ sinudu= = (—cosu)| ==(1+1)=1.
; 2 J, 2 0 2
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1
() Letu =14 3lnx,sodu = §da: and@ = gdu. The limits: z = 1 gives u = 1, and « = e gives u = 4:
z x

14

¢ V1+ 31 1 [t 49
/ ﬂdm:—/ ul? du = u3/2’ =-(8-1)=—.
1 ap 1 9 9

3

Ava runs an online chess club. When she opens a new season of tournaments, the club already has 1,500
members, and new members join at the rate

400t
r(t) = ——
Q 2 +9
members per week, where ¢ is the number of weeks since the season opened. Nobody leaves the club during
the season.

(a) Find the exact number of members who join in the first 4 weeks, and round it to the nearest whole
member.

(b) Find a formula for M (T'), the number of members T weeks after the season opens.

(c) After how many weeks have 400 new members joined? Give the exact value, then use a calculator and
round to one decimal place.

ANSWER
T2
(a) 400 In g, about 204 members  (b) M(T) = 1,500 + 200 In ke (¢)T = 3+/e2 — 1, about 7.6
weeks
SOLUTION

(a) The number who join is the integral of the rate. Let u = t> + 9, so du = 2t dt and 400t dt = 200 du. The
limits: ¢t = 0 gives u = 9, and t = 4 gives u = 25:

4400t % g 25 5
/ = dt:200/ 2 —=200(In25 — In9) = 200In — = 4001n —.
o ¥ +9 9 U g 3

No bars are needed on In u because v > 0 throughout. This is about 204.3, so about 204 members join.

(b) The same substitution with upper limit v = T2 + 9 gives

T 2

T
M(T) = 1,500 + / r(t) dt = 1,500 4 200 (In (T* +9) — In9) = 1,500 + 200 In 9+ .
0

2T

Check: M(0) = 1,500, and M'(T) = 200 - 219 r(T).
T2 +9 T2 +9
(c) Set the new members equal to 400: 200 In 9+ = 400, so 9+ =2, T? = 9¢®> — 9 and, since T >
0, T = 3ve2 — 1= 7.6 weeks.
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