Calculus 2 Unit 1 worksheet: Integration by parts (answer key)

ANSWERS AT A GLANCE

1. (13) 2/xlnz —4,/z+ C,forx >0 (b)zarctan3z — 5. @I =— B )+ C (b)%(l—i—e*”)
—In(1+92%) + C,forallz ) )
6 6. T T z 1
1 3 (a)?ln(:chl)—erE—Eln(:c—&-l)—l-C ®)
2. —5(6m+7)cos2m+5sin2w+0 21 2

In(z+1) — Tts T C  (c) the two logarithm

1 5
3 @ —3 (b) 3 In5—2 terms of (a) combine into the one of (b)

4. 2’(@-3)" z(z-3)° I Gl e 7. (@ N(T)=60—30e " (I?+2T +2) (b)60 — 780e*,
7 28 252 about 46 meteors  (c) 150e~! — 510e~3, about 30 meteors

WORKED SOLUTIONS

1. Find each integral by parts. Name u and dv each time, and say where the answer holds.

I\I;f dx (b) / arctan 3z dx
ANSWER
(@) 2y/zInz — 4y/z+ C,forz >0 (b)zarctan3z — %ln (1 + 93:2) + C, for all =
SOLUTION

1
(a) The logarithm is w: v = Inz and dv = 2~ /2 dz, so du = - dz and v = 2,/z. For z > 0,

Inz

\/_dw_2flnm—/2\/5-ldm:2\/51nm—/2w1/2dm22\/51n:c—4\/5—|—0.
x

n
Check: the derivativeis — + — — — = —.

(b) A single factor, so u = arctan 3z and dv = dx: du = % dr and v = z. The new integral yields to
T
1
w =1+ 922, dw = 18z dz, S0 3z dz = gdw:
tan 3z d tan 3 Ty tan3z — = In (1 + 92%) + C
= — = ——=1In .
arctan oxr axr I arctan ox 1—|—9.’E2 L I arctan ox 6 T

No absolute value is needed since 1 + 922 > 0, and the answer holds for all .

2. Find / (62 + 7) sin 2z dz. Check your answer by differentiating.

ANSWER
1 3
—5(633 + 7) cos 2z + 7 sin2x + C

SOLUTION

Take u = 6z + 7, which differentiation turns into a constant, and dv = sin 2z dz. Then du = 6 dx and v =

1

~3 cos 2z, SO
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3.

1
/(6w+7)sin2md:z: = —5(6x+7)c052:1:+3/cos2:1:dw

1 3
— _5(6334— 7) cos2x + §sin2x+ C.

Check: the derivative is —3 cos 2z + (6 + 7) sin 2z + 3 cos 2z = (6 + 7) sin 2z.

Evaluate each definite integral exactly, using the definite form of integration by parts.

(a) / T cos 2z dr

(b)/ In(2z —1)d

ANSWER
1 5
ORI
(a) 5 ( )2 nb5—2
SOLUTION

1
(a) Take u = z and dv = cos 2z dx, SO du = dz and v = 3 sin 2z:

) w2 1 [T/ 17 1 /2 1/1 1 1
/ mcos2xdw=[£sin2x} ——/ sin2:1:d:1::O——[——cos2:I:] =—=-4+=)=—.
0 2 0 2 Jo 2 2 0 2\2 2

The bracket is 0 at both ends since sin 7 = sin 0 = 0. The answer is negative because cos 2z < 0 on

(%, g) , where the factor z is largest.
2
(b) Take v = In(2z — 1) and dv = dz, so du = o
1 2x-—1
V=r — — =

2 2

1 dz. Any antiderivative of dx serves as v; the choice

cancels the denominator, since v du = dz:

’ 353 5 1 5
/1n(2a:—1)da::[(:p—%)ln@x—l)] —/da::—ln5——ln1—2:—ln5—2.
1 1 1 2 2 2

(With v = z instead, fl o= dm — fl < e

1 1
)dm =l §1n5, and 3ln5 — 2 — §1n5givesthe

same value.) The value is about 2.02.

4. Use tabular integration to find / z2(x — 3)% dz. Keep (z — 3)° as the factor you integrate; do not expand it.

ANSWER
2 7 8 9
-3 -3 —3
Pla—3) a3 @-3°
7 28 252
SOLUTION
3 2 g . . 6 : (:13 - 3)7
The polynomial z* dies out after three derivatives, and (z — 3)° integrates by the power rule: o
(z—3)° (z—3)°
56 504
sign z? and its derivatives = (z — 3)% and its antiderivatives
+ z? (x — 3)8
_ 2 1 7
~(z—-3
~(z-3)
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sign z? and its derivatives | (z — 3)% and its antiderivatives

+ 2 L e 3
5(15(33 3)
0 (a9
504" %)
2 7 8 9 2 7 8 9
2. a6 . T(®—3)" 2x(z—-3)° 2(z-—3) (@ -3)" z(z-3) (x —3)
/:13 (z—3)"dx = - 56 + 0l +C = - 78 + 552 +C.

Expanding (z — 3)® and integrating eight terms would give the same function in another form.

5. Letl= /ex sin 3z dz.
(a) Integrate by parts twice, keeping e * dz as dv both times, and solve the resulting equation for I.

(b) Use (a) to evaluate / e * sin 3z dx exactly.
0

ANSWER
_w 3
() = _610 (sin3z +3cos3z) + O (b) 15 (1+e™)
SOLUTION
(a) Take u = sin3z and dv = e ? dz, so du = 3cos3zdx and v = —e2:
I=—-e%sin3z+3 / e Ycos3zdz.
Again with v = cos 3z and dv = e * dz, so du = —3 sin 3z dz:

/e‘w cosdzdxr = —e “cos3x — 31.

Substituting, I = —e *sin 3z — 3e~* cos 3z — 91, so 10] = —e *(sin 3z + 3 cos 3z) and

I= —610 (sin3z + 3cos3z) + C.

e’ e’

Check: the derivative is 5 (sin3z + 3cos 3z) — T

(3 cos 3z — 9sin 3z) = e * sin 3z.

(b) With F(z) = —el—o(sin3:c+ 3cos3z): F(m) = —61—0(0 — 3 = 3(120 and F(0) = _1_30_ So

e tsindede = o 4 2 =2 (14 ~0313
SN o AL = —_— = — ~ U. 5
0 € 10 10 10V °

6. This problem finds / zln(z + 1) dz for z > —1 in two ways, with v = In(z + 1) and dv = z dz both times.
2
(a) Usewv = % The new integral needs long division.
2

(b) Usev = z instead. Explain why this v is allowed, and finish.
(c) Show that your two answers agree.

ANSWER
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2_1 2
2 5 ln(w+1)—mz+§+0 (c) the two

z? 2 z 1
ol T -
(a) 5 n(z+1) 0 + 5 21n(:1:+1)+0 (b)

logarithm terms of (a) combine into the one of (b)

SOLUTION
1
Here du = dz.
z+1
72
(a) With v = 7,

2 2
/xln(:z:+1)d:c: %1n(ac+1)— %/xildm'

2 2
Long division gives i 7= 1+ 7750 the new integral is % — + In(z + 1) (no bars, since z +
€ €T

1> 0), and
2 2 1
zln(z +1)de = —In(z +1) — — + = — ~In(z + 1) + C.
2 4 2 2
c1 e . 2 -1 22 . . . TR
(b) Any antiderivative of dv = x dz may serve as v, and — 5 5 is one, since its derivative is x. It

is worth choosing because 2> — 1 = (z — 1)(z + 1) cancels the denominator of du:

2 _ _ 2 _ 2
/.’1:111(:1:+1)cl:1::aj > 1ln(m+1)—/wdm:w > 1ln(w+1)—m—+£+0.

2(x+1) 4 2
xz? 1 z2 —1 .
(c) In (a), 5 In(z+1) — 5 In(z+1) = In(z + 1), so the two answers are the same family of
: - : 2—1 1 —1
functions. Check: the derivative of (b) is z In(z + 1) + 2 - _Zi-_3 In(z + 1) + 2 -
20z +1) 2 2 2
z—1
5 =2 In(z + 1).

7. Arjun's astronomy club counts meteors during a shower. In a made-up model, meteors arrive at the rate
r(t) = 30t%e~t meteors per hour, where ¢ is the number of hours after midnight.

(a) Find a formula for N(T'), the number of meteors counted from midnight to 7" hours after midnight.

(b) Find the exact number counted in the first 4 hours. Then use a calculator and round to the nearest whole
meteor.

(c) Leah joins the count at 1 a.m. and leaves at 3 a.m. Find the exact number of meteors in her window, then
use a calculator and round to the nearest whole meteor.

ANSWER

(@) N(T) =60 — 30T (T2 + 2T +2)  (b) 60 — 780e~*, about 46 meteors  (c) 150e~* — 510e~3,
about 30 meteors

SOLUTION

(a) An antiderivative of 30t?e ¢ by a table: differentiate 30t to 60t, 60, 0; integrate e ' to —e %, e %, —e .
With signs +, —, +:

/ 30t’e ' dt = —30t’e " — 60te " — 60e ' + C = —30e " (t* + 2t +2) + C.
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So
T
N(T) = / 30t%e*dt = —30e " (T? + 2T +2) +30-2 =60 — 30e  (T* + 2T + 2).
0

Check: N(0) = 60 — 60 = 0.

(b) N(4) = 60 — 30e~4(16 + 8 + 2) = 60 — 780e~* ~ 60 — 14.29 = 45.71, so about 46 meteors.

(c) Her count is N(3) — N(1) = 30e (1 + 2+ 2) — 30e3(9 + 6 + 2) = 150e~! — 510e 3 ~ 55.18 —
25.39 = 29.79, so about 30 meteors. Her two hours around the peak at ¢ = 2 hold about two thirds of the
first four hours' count.
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