Calculus 2 Unit 1 worksheet: Trigonometric integrals (answer key)

ANSWERS AT A GLANCE
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the difference is — 2 for every .

WORKED SOLUTIONS

Find each integral. Say which factor you set aside for du.

@ [ sin® 2z dz ® [ sin® z cos® z dz
cos® x sin®
dx d d
@ sin’ z @ cosiz ¥
ANSWER
2 3 9 :..6 8 3
(a)—COS m+cos a:+C ®) sin’z  sin x+C (© —cscz —sinz+C  (Q) sec w—secm+
2 6 6 8 3
C
SOLUTION
(a) The power of sine is odd and the angle is 2. Set one sin 2z aside: sin® 2z = (1 — cos? 2w) sin 2z. With
1
u = cos 2z, du = —2sin 2z dx, SO sin 2z dx = —3 du:
1 u  ud cos2x  cos® 2z
—= [ (1-w?)du=—=+— =— :
5 / (1—u?)du 5 + 5 +C 5 T 5 +C

(b) Both powers are odd, so either route works; setting one cos x aside leaves the smaller power to convert.

.. 5 . 5 . 2 . .
sin® z cos® = sin® z (1 — sin m) cos z, and with u = sinz, du = cos z dz:

. 6 . 8
/(u5—u7)duzsugm—smsm—i-0.

(Setting sin x aside instead gives an answer that differs from this one by a constant.)
3

.. .. . . . cos’zx
(c) The power of cosine is odd; the power of sine is ~2, which plays no part in the rewrite. —— =
sin® x
(1 — sin? m) sin?2z cosz. With u = sin z:
_9 1 .
(u —1)du:—— —u+C=—cscx —sinx + C,
u
on each interval where sin x # 0.
sin® z
(d) The power of sine is odd. —— = (1 — cos’ ) cos* & sinz. With u = cos z, sinz dz = —du:
cos*x
4 9 u3 1 sec® z
— (u_ —u_)du:?—u_ +C = —secx + C,
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on each interval where cos 2 # 0. Check: the derivative is sec® z tan z — secz tanz =
9 3 sin® z
secxtanz (sec T — 1) =secxrtan” T =

costz’

2. Find each integral. Say which factor you set aside for du, or how you peeled off a power.
(@ [Vtanz sect z dx b [ tan® x sec® z dx
(0 [tan® z dz

ANSWER

sec’x 2sec®zr sec’z tan®z tan®z

2 2
(a)gcj:an3/2w+?tan7/2m+0 (b) — == — +C (o F g ttanz—
T+

SOLUTION

1
(a) The power of secant is even, and the power of tangent, —, may be anything. Set sec? z aside and

convert sec? z = 1 + tan® z: tan'/? z (1 + tan? a;) sec? z. With u = tan z, du = sec? z dz:
12 | ,5/2 2. 3 2.
(u +u )du:§tan J:—|—7tan x+C,

on each interval where tanz > 0.

(b) The power of secant is odd, so the even-secant route is closed; the power of tangent is odd. Set

. 2 :
sec z tan z aside: tan’ z sec® z (secz tanz) = (sec’ z — 1) sec’ z (sec z tan z). With u = sec z, du =
sec z tan z dx:

7 3

5
/(u2—1)2u2du:/(u6—2u4+u2)du:Se?m_zse; m+se(;m+0.

(c) Tangent alone: peel off tan? 2 = sec? z — 1 each time.

tan® tan® z
/tan6a:d:1:: 3 —/tan4:1:d:1:, /tan4af:dx: 3 —/tan2:1:dx,

and [tan?zdz = [ (sec?z — 1) dz = tanz — . Since the power is even, the chain ends at [ dz, not at
f tan z dz:

tan®xz tandz
/tanﬁa:d:r: P T3 +tanz —z + C.

3. Find / sin bz cos 3z dzx.

ANSWER
cos8r cos2x L C
16 4
SOLUTION

The angles differ, so use the product to sum formula sin A cos B =
A =5z and B = 3z:

[sin(A4 + B) + sin(A — B)] with

N =

1

sin bx cos 3z = 5

sin 8¢ + % sin 2.
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coskx

With [sinkzdz = — + C for each term:

cos 8z cos 2x

/sin5:1:cos3xda::— = + C.
16 4

4. Evaluate foﬂ/ * cost z dz exactly.

ANSWER
3 1
3—; + 1 about 0.545
SOLUTION
1 2
The power is even, so lower it. With cos? z = w ,
1
cos’z = 1 (1 + 2 cos 2z + cos® 2.’1,’) .
1 4
The last term is an even power again: cos? 2z = %. So
- = 1 ) l 4
cos  xr = 8—|—2cos x -+ 8cos xT.
Integrate term by term:
/ﬂ/4cos4:1:dzc |3z n sin 2z n sin4z]™/* _ 3m N 1 L0
0 18 4 2 [, 32 4 7

1
Unlike a whole period, the interval [0, E] does not cancel the cos 2z term: sin g = 1 leaves 7 The value is

about 0.545, less than the interval's length % ~ 0.785, as it must be since 0 < cos*z < 1.

4
5. Evaluate / tan® z sec’ = dz exactly.
0

ANSWER
7

24
SOLUTION
The power of secant is even. Set sec? z aside and convert the other sec? z to 1 + tan? z. With u = tan z,

du = sec? z dz, and the limits change: tan 0 = 0 and tan % = 1. So

1 6 g1
5 2o (W w7
/Ou (1+u)du-[6+ 8]0_24.

. ong 5 o 7T
The value is positive, as it must be: tan z and sec = are positive on (0, Z) .

6. Naomi and Diego each find [ sin®  cos® z dz. Naomi sets one factor sin z aside; Diego sets one factor cos
aside.
(a) Carry out Naomi's route.

(b) Carry out Diego's route.
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(c) The two antiderivatives look different. Show that Naomi's minus Diego's is a constant, and find that

constant.
ANSWER
cosbx  costz sinfz  sinfz . 1
(a) — +C (b) — + C  (c)the difference is — — for every .
6 4 4 6 12
SOLUTION
(@) sin® z cos® z = (1 — cos? :I:) cos® z sin z. With u = cos z, sin z dz = —du:
4 6 6 4
B 5 ) du— L u_+C:cosx_cosw+G
/ & =w)dn=—p 2 6 4

(b) sin® z cos3 z = sin® z (1 — sin? J;) cos z. With u = sinz, du = cos = dz:

sinfz  sinfz

3 5 _ _
/(u —u)du— 1 5 + C.

(c) Write ¢ = cos? z, so sin? z = 1 — ¢. Then

o
w

sinfz  sinz 1—-2c+c¢2 1—-3c+3c2-—¢3

1 c+c
6’

4 6 4 6 12 4
. . C @ . . 9 . . 03 62 . . g o
since the terms in ¢ cancel (— 5 + 5). Naomi's antiderivative is S So Naomi's minus Diego's is

03_62 - 1—C2+C3 _ 1
6 4 12 4 6) 12

the same for every x. Both are correct; the constant C absorbs the difference. A quick test: at x = 0,

W . 11 1 . .
Naomi's gives ET1- and Diego's gives 0.

math.wiki MW_CAL2U1_Y864 4/4
Free sample from math.wiki for classroom use. Do not post. math.wiki



